Abstract. We give a new elementary proof of the Briançon-Skoda theorem, which states that for an m-generated ideal a in the ring of germs of analytic functions at 0 ∈ C n , the ν:th power of its integral closure is contained in a, where ν = min(m, n).
Introduction
Let O n be the ring of germs of holomorphic functions at 0 ∈ C n . The integral closure I of an ideal I is the set of all φ ∈ O n such that φ N + a 1 φ N −1 + · · · + a N = 0, (1.1) and a k ∈ I k , k = 1, . . . , N.
Theorem 1.1 (Briançon-Skoda). Let a be an ideal of O n generated by m germs f 1 , . . . , f m . Then a min(m,n)+l ⊂ a l+1 .
In 1974 Briançon and Skoda, [Sko74] , proved this theorem as a quite immediate consequence of Skoda's L 2 -theorem in [Sko72] . An algebraic proof was given by Lipman and Tessier in [Tes81] . Their paper also contains a historical summary. An account of the further development and an elementary algebraic proof of the result is found in Schoutens [Sch03] .
Berenstein, Gay, Vidras and Yger [Yge93] proved the theorem by finding an integral representation formula φ = u i f i with explicit u i . However, some estimates rely on Hironaka's theorem.
In this note, we provide a completely elementary proof along these lines. The key point is an L 1 estimate (Proposition 2.1), to which the proof is reduced in Section 3.
The Main Estimate
Proposition 2.1. Let f 1 , f 2 , . . . , f m be holomorphic functions defined in a neighborhood of 0 ∈ C n . Then
1 |f i | is integrable on some ball centered at the origin.
Remark 2.2. If f i are monomials, the assertion is trivial. By Hironaka's theorem, one can reduce to this case, since integrability is preserved under push-forward.
Lemma 2.3. For any F ∈ O n , F ≡ 0, there is δ > 0, such that 1/|F | δ is integrable on some ball centered at the origin.
Proof. We can assume that F is a Weierstrass polynomial and that the domain is a product of a disk and a polydisk. Then we partition each disk (slice) into sets, one for each root, consisting of those points which are the closest to that root. Thus the integrand is no worse than z −δs 1 . Proof of Proposition 2.1. By Lemma 2.3 and the inequality 2ab ≤ a 2 + b 2 it suffices to show that for any positive δ the function
is integrable on some ball centered at the origin. This follows from the Chern-Levine-Nirenberg inequalities (e.g. [Dem07] (3.3), Ch. III) and (2.3). We proceed however without explicitly relying on facts about positive forms or plurisubharmonic functions.
Let us first set
A simple calculation gives that for any (1, 0)-forms α j ,
We now compute
which yields that
We introduce the regularized form
From the equality |w| 2 = |w ∧ w|, that holds for all (p, 0)-forms w, and (2.2), we get
Let B be a ball about the origin and let χ B be a smooth cut-off function supported in a ball of twice the radius. We now use the two expressions (2.3) and (2.4) for F ε and integrate by parts to see that
By induction, we now have
so if we let ε tend to zero, we get the desired bound.
A Proof of the Briançon-Skoda Theorem
By a simple estimate, (1.1) with I = a min(m,n)+l implies that
To prove Theorem 1.1, it thus suffices to show that φ ∈ a l , provided that (3.1) holds. We will use an explicit division formula introduced in [Ber83] , but for convenience, we use the formalism from [And03] to obtain it.
Proof of Theorem 1.1. Define the operator ∇ ζ−z = δ ζ−z −∂, where δ ζ−z is contraction with the vector field
A weight with respect to a point z ∈ C n is a smooth differential form g for which ∇ ζ−z g = 0 and g (0,0) (z) = 1 holds. If furthermore g has compact support and φ is holomorphic, then
Next, take an m-tuple h = (h i ) of so called Hefer forms, which are holomorphic forms in C 2n such that δ ζ−z h i = f i (ζ) − f i (z), where f i are as in Theorem 1.1. Also define µ = min(m, n + 1) and σ i = f i /|f | 2 and let χ ε = χ(|f |/ε) be a smooth cut-off function, where χ is approximatively the characteristic function for [1, ∞).
For convenience, we assume that l = 0, although the general proof goes through verbatim by just replacing µ with µ + l. We can now define the weight
where
and
Let g be any weight with respect to z which has compact support and is holomorphic in z near 0 (see [And03] for the construction). An application of (3.2) to the weight g B ∧ g yields
To obtain the division, we begin by showing that the second term tends uniformly to zero for small |z|.
On the set {|f | > 2ε}, we have B ε = h · ∂σ µ , which vanishes regardless of whether µ = n + 1 or µ = m. In the latter case apply ∂ to f · σ = 1 to see that ∂σ is linearly dependent. Hence, it remains to find an integrable bound that holds uniformly. A simple calculation gives that
since |f | ∼ ε on the support of ∂χ ε . Note also that |σ| = |f | −1 . By the assumption (3.1), the integrand φ(ζ)B ε ∧ g consists of terms of the type
where µ = a + b + c, I ⊂ {1, 2 . . . m}, |I| = a + b ≤ µ ≤ m and ∂f I = i∈I ∂f i . It follows from Proposition 2.1 that the expression above is the required bound if a + b ≤ min(m, n), but we also have a + b ≤ n due to bidegree reasons. We now know that |φ(ζ)B ε ∧ g| is bounded by χ |f |<2ε F for an integrable function F . The convergence will therefore indeed be uniform in z. According to (3.6), it remains to show that φ(ζ)A ε ∧ g converges as ε → 0, since it is clearly holomorphic for each fixed ε. We consider first the case m ≤ n, which implies µ = min(m, n + 1) = min(m, n) = m. A generic term in φ(ζ)A ε can be estimated by
As in the first part of the proof this yields an integrable bound by Proposition 2.1 and (3.7). The same estimate automatically holds for
As above, one sees that φ(ζ)A ε ∧ g → φ(ζ)A ∧ g uniformly. The case m > n presents an additional difficulty as φA∧g will not be integrable. Since the first part of the argument does not depend on the assumption m ≤ n, we have that φ is in the closure of a with respect to uniform convergence. All ideals are however closed in this topology, so φ belongs to a. The second course of action, which is followed in [Sko74] , is to consider a reduction of the ideal a. That is, an ideal b ⊂ a generated by n germs such that b = a, e.g. Lemma 10.3, Ch. VIII in [Dem07] .
